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Abstract 

Oh! 

D . We extend the gauge coupling of Super- Yang-Mills theories to an external real super- 

'"^ ' field composed out of a chiral and an antichiral superfield and perform renormalization 

in the extended model. In one-loop order we find an anomalous breaking of super- 

^ . symmetry which vanishes in the limit to constant coupling. The anomaly arises from 

H I non-local contributions and its coefficient is gauge and scheme independent and strictly 

of one-loop order. In the perturbative framework of the construction the anomaly can- 
not be absorbed as a counterterm to the classical action. With local gauge coupling 
the symmetric counterterms with chiral integration are holomorphic functions and this 
property is independent from the specific regularization scheme. Thus, the symmetric 
counterterm to the Yang-Mills part is of one-loop order only - and it is the anomaly 
which gives rise to the two-loop order of the gauge /9-function in pure Super- Yang- 
Mills theories and to its closed all-order expression. 
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1 Introduction 



The extension of coupling constants to space-time dependent external fields, i.e. to 
local couplings, has been an important tool in renormalized perturbation theory 
for a long time 0, 3 . It has been moved in the center of interest again from a 
string point of view since the couplings there are dynamical fields and enter quite 
naturally as external fields the effective field theories derived from string theories. 
Inspired from string theory local couplings in combination with holomorphicity 
have been considered also in quantum field theory 0, ^, ||, |^ . 

Also in ordinary quantum field theory local couplings found recently interesting 
applications: In the Wess-Zumino model |]^, in SQED ^ and in softly broken 
SQED they allowed the derivation of the non-renormalization theorems |jlO|, [iT 



from renormalization properties of the extended model in an algebraic context. 

The same analysis is here applied to Super- Yang-Mills theories: We extend the 
gauge coupling to an external real superfield by introducing a chiral and an 
antichiral field into the Yang-Mills part. Since these fields compose the real 
superfield of the coupling, they are not independent fields and their imaginary 
part couples to a total derivative in the action. This property can be expressed 
by a Ward identity. 

By means of this Ward identity symmetric counterterms to chiral vertices are 
holomorphic functions of the chiral field composing the super coupling. In par- 
ticular counterterms to the Yang-Mills part are exhausted in one-loop order and 
this property just expresses the generalized non-renormalization theorem of the 



coupling 1 12 



However, if the coupling is treated as a space-time dependent field, supersym- 
metry has an anomalous breaking in one-loop order. The anomalous breaking of 
supersymmetry is different from the Adler-Bardeen anomaly |jl3| in its algebraic 



characterization: It is the variation of a local field monomial, but the correspond- 
ing field monomial involves the logarithm of the gauge coupling. The perturbative 
expansion and in particular all loop diagrams are power series in the gauge cou- 
pling. Thus, the anomaly is determined by non-local and finite parts of Green 
functions, which are not subject of renormalization. This property characterizes 
the anomalous breaking of supersymmetry as a true anomaly. 

Indeed, we are able to prove by algebraic consistency that the coefficient of the 
anomaly is scheme and gauge independent. Hence, it appears in the manifest 
super symmetric gauge and in the Wess-Zumino gauge irrespective of the specific 
scheme used for the subtraction of divergences. However we point out, that it 
might be shifted by non-invariant counterterms from supersymmetry to the con- 
straining Ward identity of the chiral and antichiral fields composing the gauge 



coupling. And with a supersymmetric invariant scheme for the subtraction of di- 
vergences as the BPHZ scheme the anomaly will appear as an anomalous breaking 
of the latter identity. 

As a specific and very important application we work out the implications of the 
anomaly for the gauge /3-function in the Wess-Zumino gauge. There, the anomaly 
naturally appears as a breaking of supersymmetry in the Slavnov-Taylor identity. 
We show that the anomaly can be absorbed into the Slavnov-Taylor operator by 
modifying the supersymmetry transformations of the local gauge coupling. When 
we include the matter part a second modification appears due to the Adler- 
Bardeen anomaly of the axial current f^ . Then algebraic renormalization can be 
performed on the basis of the anomalous Slavnov-Taylor operator. The Callan- 
Symanzik equation is restricted by the symmetries of the theory, and we find, 
that algebraic consistency with the constraining Ward identity of the chiral and 
antichiral fields restricts the /^-function of the local gauge coupling to one-loop 
order and that algebraic consistency with the the anomaly part of Slavnov-Taylor 
identity determines the two-loop term of the gauge /3-function in terms of the 
anomaly coefficients and the anomalous mass dimension. Hence we find a closed 
expression of the gauge /3-function in Super- Yang-Mills theories by passing over 
from a constant coupling to an external superfield. 

The plan of the paper is as follows: In section 2 we introduce the classical action 
of supersymmetric non-abelian gauge theories with the local gauge coupling and 
an axial vector multiplet. Section 3 is devoted to the supersymmetry anomaly: 
We give the defining symmetry relations and prove its scheme and gauge in- 
dependence. In section 4 we construct the anomalous Slavnov-Taylor identity 
in the Wess-Zumino gauge and perform algebraic renormalization including the 
axial vector multiplet and the Adler-Bardeen anomaly in section 5. Finally as 
an application we derive the closed expression of the gauge j3 function from an 
algebraic construction of the Callan-Symanzik equation and the renormalization 
group equation. In the conclusions we discuss how our results elucidate previ- 
ous ones, in particular those of |jl2|, ^, |l^], and how the notion of holomorphic 
dependence [^ ^ should be properly understood, if one takes local couplings seri- 
ously in quantum field theory. In appendix A we list the BRS transformations of 
fields, in appendix B the complete symmetric operators of the Callan-Symanzik 
equation and renormalization group equation. Conventions and notations are the 
ones given in appendix A of [Bl 



2 The classical action 

We consider supersymmetric non-abelian gauge theories with a simple gauge 
group as for example SU{N) including chiral and antichiral matter multiplets 
AiAiandA|,A|, 

A'' = ifi'' + v^^^V'a + F'^e^ , and A^ = ^'^ + y^^t + P'^f (1) 

which transform under an irreducible representation of the gauge group: 

€(;T^R = ^^a{x){T^fA , €^Ar^ = -^u^a{x)An,{Tayk , (2) 

and 

[Ta, Tb\ = ifabcTc . (3) 

We impose parity conservation and invariance under charge conjugation through- 
out the paper. 

In the Wess-Zumino gauge the vector multiplet consists of the gauge fields, the 
gauginos and the auxiliary fields D: 



ea^oA" - ie e'^Xa + ie^e^x + -e^e d , (4) 

(f)^Ta with Tr (TaTfe) = 1 . 



Here r^ are the matrices of the fundamental representation. 

The classical action composed of these fields is invariant under non-abelian gauge 
transformations and the non-linear supersymmetry transformations of the Wess- 
Zumino gauge 



In a recent paper p| the non-renormalization theorems of SQED and its implica- 
tions for the renormalization group functions have been derived by extending the 
gauge coupling to an external real superfield and by taking into account softly 
broken axial symmetry with its anomaly. The classical construction is based on 
the supersymmetry transformations of the gauge invariant Lagrangians and can 
be used for the non-abelian gauge theories without modifications. In analogy to 
SQED we introduce in addition to the physical fields the following external field 
multiplets: 



We extend the gauge coupling g to an external field multiplet G{x,9,9), 
whose lowest component is the local gauge coupling g{x). From the chiral 
and antichiral nature of the Yang-Mills Lagrangian it is seen that the su- 
percoupling G{x, 9, 9) is a constrained real superfield being composed of a 
chiral and an antichiral field multiplet ri[x, 9) and r}{x, 9): 

G{x, 9, 9) = (r;(x, 9, 9) + rj{x, 9, 9))--2 = g{x) + 0{9, 9) (5) 

with 

riix, 9)=r, + r X. + 9^ f , rj{x, 9)=r] + 9^T + fj (6) 

in the chiral and antichiral representation, respectively. 

Supersymmetric gauge theories with a local gauge supercoupling are com- 
plete in the sense of multiplicative renormalization only when we include 
an axial multiplet (see eq. (|79D and cf. also the discussion in P): 

0^ = 9a^'9V^ - if9''~Xa + i9^9aT + ^9^fD. (7) 

The vector multiplet transforms as a singlet under the gauge group. The 
interaction of the axial vector field with the matter fields is governed by 
U{1) axial symmetry. 

C'^L = -^Co{x)Ai , C"'^L = ^'^(a:)^L , (8) 

At the classical level axial symmetry is broken softly by the matter mass 
terms. For this reason we introduce a chiral and and an antichiral field 
multiplet q and q with dimension one: 

q = g + ^g" + ^V and q = g + ^^g" + ^'g^. (9) 

They transform with respect to gauge symmetry as singlets and with re- 
spect to axial symmetry with charge two including a shift in the lowest 
component: 

6^'% = 2iCd{c[+m) . (10) 

When we couple the q-multiplets to the matter mass term, softly broken 
axial symmetry can be expressed as a Ward identity for the classical action. 



The invariant classical action consists of the Yang-Mills part Fym, the matter 
part Fmatter and the matter mass term Fmass enlarged by the chiral and antichiral 
interaction of the q-multiplets Tg-. 

Tsusy = Fym + Fmatter + (Fmass + Fg) (11) 

The individual parts are invariant under non-abelian gauge transformations with 
the local gauge coupling and U{1) axial symmetry and they are super symmetric. 
Using the superfield expressions for the field multiplets it is possible to express 
the invariant action as a superspace integral 

Fym = -t dS tjCym - J dS fjCyu (12) 

1 r 

f matter ~ Vfi -^matter (Ij) 

Fmass + Tq = -T M5' (q + m)£mass " T dS {q^+ m)£mass (14) 

and 

Cym = TtWW^ = W^W^a , Wo^ = J^DD(e-2^(^)*^D„e2^(^)'^-') (15) 
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/:matter = A.^C-'^'^'^^''^^'' ^^'^"^ '" ^ A^, + A^.e^^^^^^'')^^^^"^^^ , (16) 

■t--mass = Aj^Ajik ■ (1 ' J 

For vanishing axial vectors and in the limit to constant supercoupling G{x, 6, 9) —>■ 
g =const. the action ([TT|) is the usual action of Super- Yang-Mills theories with 
matter: 



lim Fsusy 



— J- SYM 



:ii 



In the classical action, only the Yang-Mills part depends on the supercoupling 
via the chiral and antichiral multiplets rj and rj. The dependence of the matter 
part on the local gauge coupling g{x) stems from a redefinition of the vector 
multiplet, 

compared to the usual normalization. In perturbation theory such a redefinition 
is important for obtaining a bilinear free field action and associated free field 
propagators.0 

^ Alternatively, we could proceed in the conventional normalization but with a shift in 
the lowest component of the chiral multiplets. The implications of both constructions are 
equivalent. 



In the present construction the chiral and antichiral fields r/ and T} are not in- 
dependent fields, but compose the real superfield of the supercoupling (see (|)). 
Therefore the imaginary part of their lowest components appears only with a 
total derivative: 

[j- - ^)rsusy = —e'^'^'^G^^aGp^a + tO^iKa'^Xa) • (20) 

This property gives rise to the following identity 

In effect, this equation restricts the symmetric chiral counterterms to holomorphic 
functions of r} and T] and has important implications for the renormalization 
properties of chiral Green functions and of the coupling. 

For proceeding to higher orders of perturbation theory the invariant classical 
action has to be supplemented by the gauge fixing of gauge vector fields: 



Tg.f = Jd^X (^(e(x) + OBaBa + BadpA^, + H^BaA^a 



(22) 



We have introduced a local gauge parameter ^(x) and an additional vector field 
H^^ for later use in the Callan-Symanzik equation. 

The gauge fixing breaks non-abelian gauge invariance and supersymmetry. For 
this reason we have to combine the symmetry transformations of the fields into 
BRS-transformations [|I6|, [l^. Introducing the Faddeev-Popov fields Ca, the axial 
ghost c and the supersymmetry and translational ghosts e", e" and cu^ the BRS- 
operator acts on the fields of the gauge invariant action (|ll|) as 

s0 = (Cr + ^gf + e"<5a + S^r - ttu''d^)(l) . (23) 

BRS-transformations of the ghosts are determined by the structure constants of 
the algebra and the algebra of symmetry transformations is expressed in nilpo- 
tency of the BRS operator. The BRS transformations of the fields are summarized 
in appendix A. 

By means of BRS transformations the gauge fixing can be extended by the ghost 
part to a BRS invariant action: 

Tg.f. + Fghost = s fd^'x {^^cB + cd^A^ + B^CaA^:) (24) 

The explicit form can be worked out with the BRS transformations of the ap- 
pendix: The ghost part contains the usual Faddeev-Popov action of non-abelian 



gauge theories and in addition compensating terms for supersymmetry depending 
on the supersymmetry ghosts e^ and la 0, 0, Q- In addition, we have intro- 



duced a BRS partner Xi to the gauge fixing parameter and a BRS partner C^ to 
the field H^. By means of the BRS varying gauge parameter it is possible to iden- 
tify gauge parameter independent quantities by their algebraic characterization 
as non-BRS variations [|T9l BOl. 



Adding an external field part Text for the non-linear BRS transformations of prop- 
agating fields (see ( |116| )) one can express BRS invariance of the classical action 
and the algebra of symmetry transformations by the Slavnov-Taylor identity in 
the usual way. At this stage we finally eliminate the auxiliary fields D (^) and 
Fl and Fr and their complex conjugates (|l]) by their equations of motion. The 
complete classical action 

J- cl ^ -L susy ~\~ -L g.f. + i ghost ~\~ i cxt V^'-'j 

satisfies the Slavnov-Taylor identity 

S{T,,) = (26) 

with the usual Slavnov-Taylor operator (see ( p.l7| )) and it satisfies the identity 

m 

On the basis of the classical action loop calculations are immediately performed 
by treating the local coupling and its superpartners as external fields. Green 
functions with the local coupling are determined by differentiation with respect 
to the local coupling and performing the limit to constant coupling: 



^g"iPi-^--iPi^{xi, ■ ■ ■Xn,yi, ■ ■ ■ym) — hm 



G^g 6g{xi) ■ ■ ■ 6g{xn)Sipi^ ■■■(fi 






(28) 

Here the fields ipi summarize propagating and external fields of the theory. 

The local gauge coupling g{x) is distinguished from ordinary external fields by 
the property that it is the perturbative expansion parameter. For any IPI Green 
function (|28|) the power of the constant gauge coupling is determined by the loop 
order /, by the number of amputated external legs A^amp.iegs and by the number of 
external field differentiations. This property can be expressed by the topological 
formula: 

Ngi,) = N^mpAegs + Ny + 2Nf + 2N^ + 2N^.r, + 2(/ - 1) . (29) 



Here Ny denotes the number of BRS insertions, and A^/, N-^ and Nr,-ri gives 
the number of insertions corresponding to the respective external fields and their 
complex conjugates. The topological formula is valid for the classical action with 
/ = 0. 

For constant coupling g{x) ^ g the IPI Green functions are power series in the 
coupling and result for constant supercoupling G ^ g in the IPI Green functions 
of ordinary supersymmetric gauge theories: 



lim r 



^ pSYM 

c=0 



(30) 



Thus, renormalization properties derived from the extended theory are satisfied 
also for the ordinary Green functions of supersymmetric non-abelian gauge the- 
ories. 



3 The anomaly in Super— Yang— Mills theories 
with local gauge coupling 

3.1 Characterization of the anomalous breaking 

For the purpose of the present section we set the fields of the axial vector multiplet 
(|^ and the axial ghost c to zero and consider the renormalization of supersym- 
metric non-abelian gauge theories with the local gauge supercoupling (|^). In the 
procedure of renormalization the possible breakings of the defining symmetries 
have to be classified according to their properties as scheme dependent breaking 
terms and scheme independent breaking terms, the anomalies. Scheme dependent 
breakings are introduced in the procedure of renormalization via the subtraction 
of ultraviolet divergences and can be removed by adjusting suitable counterterms 
to the classical action. Anomalies arise from non-local contributions, which are 
not subject of renormalization, and cannot be absorbed into counterterms. 

For the Adler-Bardeen anomaly, the distinguishing mark to scheme dependent 
breakings is its algebraic property as being not a gauge variation of a four- 
dimensional field monomial. For the supersymmetry anomaly found in the present 
paper the situation is different: From the algebra of supersymmetry transfor- 
mations it is quite generally deduced that the breakings of supersymmetry are 
variations [^. However, with local gauge coupling we find a breaking of super- 



symmetry which can be written as the supersymmetry transformation of a field 
monomial involving the logarithm of the coupling. 



Indeed when we work out the the BRS variation of the gauge invariant term 

d^x lng{x){LYM + LYM) , (31) 



we find a breaking of supersynimetry, which depends on the logarithm of the 
couphng only via a total derivative: 

^anomaly ^ ^ ^^4^ j^ ^(^) ^^^^ ^ ^^^^ ^33) 

= {e^Sa + e"(5(i) / d'^x \ng{x){LYM + Lyu) 

^d'x (ln^(x)z(9,A?M<.e° - e'^a^a.A^M) 
- ^9'^{x){ex+W){LYM + LYM)) ■ 

Here Lym and A" are the F and spinor component of the chiral multiplet Cym 

^YM = — -^AaAa + 0" A^ + LyM • (33) 

Hence, A^"""^ ^ is independent of In g in the limit to constant coupling and for 
any differentiation with respect to the coupling (see (pH])). 

Since the perturbative expansion is a power series expansion in the coupling, the 
local field monomial ( pi] ) is not related to ultraviolet divergent diagrams. Thus 
the corresponding breaking results from non-local contributions, which are not 
subject of renormalization. For this reason it has to be considered as an anomaly 
of supersymmetry appearing in supersymmetric gauge theories with local gauge 
coupling. 

Similarly, applying the identity ( P?] ) to the gauge invariant and supersymmetric 
expression 

J dS IwqCYM + - dS \nrj Cym , (34) 

we find again an expression which is independent of a logarithm and can appear 
as a breaking of the identity (W^): 

= i UdS 1)-' £yM + jdS i)-' Zym) . (35) 



The field monomials A^""™*^ ^ and A^'^'^'^ ^ satisfy the topological formula in one 
loop-order and could appear both as breakings of the respective symmetry identi- 
ties. However, we will show in the next section, that it is possible to add ordinary 
counterterms which are power series in the coupling in such a way, that either 
the Slavnov-Taylor identity or the rj — r] identity is fulfilled in its classical form 
remaining with an anomalous breaking in the complementary identity, i.e. either 

S{T) = r«A™"'^ + 0{h^) ■ (36) 

or 

S{T) = . (37) 

can be established. 

The coefficient r^ is shown to be the gauge and scheme independent. For the 
classical Lagrangian specified in (p!T| ) r,, is determined independently from the 
matter interaction and takes the value 

(1) _ CjG) , ^ 

For SQED it is zero as can be seen from eqs. (76) and (78) in ref. |^. 

In the Wess-Zumino gauge the calculation of the anomaly coefficient is quite 
involved and requires to solve various equations of the Slavnov-Taylor identity 
for the unique definition of the anomalous field monomial. Details of the calcu- 
lation are presented elsewhere and we restrict ourselves for the remaining part of 
the paper to work out its implications for the /3-functions of Super- Yang-Mills 
theories. From this construction the coefficient is implicitly determined by the 
two- loop gauge /3-f unction. 



3.2 The algebraic construction 

For a systematic construction of the anomalous breaking and its defining symme- 
tries we use the quantum action principle and algebraic consistency. Therefrom 



we find that the breaking of the classical symmetries (p6D and (27) is local 



d'xij^-^)T = A,_, + Oih'), (39) 
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and restricted by the following consistency equations: 
sr^iAbrs = , 

/A A 

rf'a;(---)Abrs. (40) 

The power of the gauge coupling in the local field monomials Abrs and A^_jj is 
determined by the topological formula (pQl). 



In a first step we consider the field monomials contributing to A^_^. As long 
as one does not care about the Slavnov-Taylor identity they can be trivially 
absorbed by adjusting local counterterms as power series in r] — fj and we get: 

ciV(f-A)r = o. (41) 

07] or] 

In the BPHZL scheme with ordinary M{s — 1) mass terms for massless fields and 
in dimensional regularization with MS-subtraction the identity ( PT| ) is fulfilled by 
construction since the insertions defined by r^ — rj are total derivatives. Having 
established (^), the consistency equation (^Op implies that Abrs depends on r] — ri 
only by a total derivative. 

Considering now the field monomials in Abrs it is seen that the anomalous break- 
ing A^^"™*^ ^ (|32|) is indeed a possible breaking of the Slavnov-Taylor identity in 
one-loop order: It is Sr^i -invariant and it satisfies the topological formula. How- 
ever, being the variation of the field monomial ( ^l]) it cannot be absorbed into 
a counterterm. A^!^°™'* -^ is the only anomalous breaking of the Slavnov-Taylor 
identity. The BRS variations of similar terms 

d^X g^ In S-Lmatter and / d'^X g^ In ^^(Lmass + -^mass) (42) 

depend on logarithms for k ^ 0. For k = they do not satisfy the topological 
formula in loop order / > 1. Hence, the corresponding loop diagrams are absent 
and the BRS variations of (H^ cannot appear as breakings of the Slavnov-Taylor 



identity. 

Since the Adler-Bardeen anomaly of gauge symmetry is absent due to parity 
conservation the breaking A^!J!°™^ ^ is the only term which cannot be absorbed as 
a counterterm and we have established: 



S{T) ^,__^^ = r«A-— ^^ + 0{h' 



c=0 



''<r,-^y-'- («) 
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Having identified the anomaly in the Slavnov-Taylor identity we can finally adjust 
counterterms in such a way that the Slavnov-Taylor identity is unbroken, and 
the anomaly is shifted to the r] — fj identity. Using 

sr,, ( fdS In 77 £kin + f dS In ryZkin) = (44) 

and 

In 77 = - \n{2g^) + ln(l + g^T] -r]) + 26x9^ + 26^ fg^) (45) 

it is possible to rewrite A^^°™'^-^ into 

Ab~^^ = -^sr, [jdS ln(l + /(r/ - rj) + 26x9' + 2e'f9')CyM + c.c.) . 

(46) 
The counterterm 

Tct,,-^ = ^r« jdS (ln(l + 2g\r, - rj) + 2exg' + O^DCym + c.c) (47) 

is an admissible non-invariant counterterm: It does not involve logarithms of 
the coupling but contains an ordinary power series expansion in external fields. 
Changing 

r _ r = r + Tet,,.^ (48) 

the anomalous breaking is removed from the Slavnov Taylor identity, 

Sir') = . (49) 

but the identity ( PD is broken in one- loop order by A^'^'^'^-^ 

(50) 

Hence, the anomaly of supersymmetric gauge theories with local gauge coupling 
can be transformed from one symmetry identity to another, but it cannot be 
arranged to vanish at all by adjusting a local counterterm in the action. 

From general principles there is no preference for keeping the Slavnov-Taylor 
identity or the f] — r] identity ( pTf ) in their classical form. Indeed, dependent on 
the gauge we will prefer one of the both alternatives: In the supersymmetric gauge 
it is appropriate to shift the anomaly into the rj — ri identity loosing otherwise the 
simple notion of fields in superspace. In the Wess-Zumino gauge of the present 
paper, we take the anomaly in the Slavnov-Taylor identity and leave the rj — rj 
identity unmodified to all orders. As we will show in section 4, this choice has 
the advantage, that the Slavnov-Taylor operator for the Adler-Bardeen anomaly 
of the f/(l) axial symmetry is strictly of one- loop order and takes the same form 
as in SQED. 

12 
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3.3 Scheme and gauge independence of the anomaly 

Using the BRS varying gauge parameter it is obvious from the construction that 
Tri is gauge independent: When we include the gauge parameter into the field 
monomial (|3TD its BRS variation depends on the logarithm of the coupling in 
combination with the BRS partner of ^: 

s / d^xC.lng{x){LYM + cc.) = ^A"^'^ + Xi d'^x lng{x){LYM + cc) 

(51) 

Since diagrams with logarithms of the coupling are not present, we conclude: 

a^rji) = . (52) 

Scheme independence of r^ can be inferred as usual from the renormalization 
group equation: Introducing in one-loop order a scale parameter k, which might 
be a normalization point or a scheme dependent scale as the unit mass /i in 
dimensional regularization or even a Wilsonian cutoff, the classical action is in- 
dependent of the scale, i.e. 

K^^Fd = . (53) 

In one-loop order the equation is broken by local field monomials: 

Kd^T^i = A, (54) 

Once more, since diagrams with logarithms of the coupling are absent, the field 
monomials in A^ are polynomials in the coupling according to the topological 
formula. Using the consistency equation with the Slavnov-Taylor operator 

SrKd^iT) - Kd^S{Y) = (55) 

we find from 

K9.r«A™^'^ = sr,A. . (56) 

By rewriting A^^°™'^-^ into the Sr^i -variation of the monomial (^Tj), which involves 
the logarithm of the coupling, it is seen that the right- and left-hand-side of 
eq. (|56| ) can only match if 



«5,rW = , (57) 



i.e. Tr^ is scheme independent. 
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As it is seen in the following part of the paper, the one-loop anomaly implies 
the two loop order of the gauge /3-function in pure Super- Yang-Mills theories, 
which would be in naive applications of classical symmetries or with vanishing 
Tr, indeed of order one-loop only without matter or SQED-like with matter. 

From the characterization of the anomaly, as a scheme and gauge independent 
quantity, it is obvious that the anomaly appears independent from the procedure 
of regularization. Consequently an an invariant scheme, which preserves gauge 
invariance and supersymmetry for Super- Yang-Mills theories with local gauge 
coupling, cannot exist. If one wants to remove the anomalous breaking from su- 
persymmetry and the t] — r] identity at the same time, the counterterm (|3TD with 
the logarithm of the coupling has to be adjusted with the scheme independent 
coefficient r,, . The addition of such a counterterm does not correspond to a re- 
definition of a loop subtraction and is in principle excluded from the perturbative 
construction. Doing this nevertheless, the perturbative expansion becomes much 
worse than the ordinary power series expansion since one starts a logarithmic se- 
ries simultaneously with the ordinary power series in one loop order. In two-loop 
order the logarithmic series has the same anomaly as the perturbative series in 
one-loop order, starting there a In -series in perturbation theory. All IPI Green 
functions in / > 2 depend then on the logarithms of the coupling and the limit 
to constant coupling does not result in ordinary Super- Yang-Mills theories but 
in a quantum field theory defined by a logarithmic series in the coupling. 



4 The Slavnov— Taylor operator of the anomaly 

For proceeding with renormalization to higher orders the anomaly has to be 
absorbed in form of an operator into the Slavnov-Taylor identity (see (^6])) or 
the f] — fj identity (see (|37D). Both alternatives are possible, for the present 
paper we use the version (|36|) , where the rj — fj identity is unbroken. Then the 
anomaly can be absorbed into the Slavnov-Taylor operator by modifying the 
supersymmetry transformations of the gauge coupling. 

From its explicit expression (^) it is seen that we can rewrite A^"™^^ into the 
following operator form: 

Kr'' = <^ Jd'x (^/(a;)(6"x. + X«^)^ (58) 

g{x) 6x" Sx ^ 

^(1) 



|-sr, J d\ (-^^(e"xa + X«e")Tr((p^ - d^c)A, - Y^c)) . 
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Redefining F by the non-invariant counterterm 

(1) r 

r ^ r + ^Tr j d'x (e°xa + Xcf)9\{p' - d^c)A, + Y^c)) (59) 

the redefined action satisfies the following modified Slavnov-Taylor identity: 

S(T) - rW jcfx (ig=(i)(6°x<. + f*^)^ (60) 

_2,:J_a,.,(.)(K.)"^ + (-'■)"|^))r = « + ^C""^' • 

Apparently, the additional one- loop operators are just modifications of the su- 
persymmetry transformations of the local gauge coupling. 

For algebraic consistency nilpotency of the Slavnov-Taylor operator ( |119| ) has to 
be fulfilled also for the modified Slavnov-Taylor operator (0). In the present 
case, requiring nilpotency is nothing but establishing the supersymmetry algebra 
on the local coupling. A straightforward calculation proves that the supersym- 
metry algebra closes if we take the following modifications in the transformation 
of the gauge coupling and its fermionic superpartner 

s'^^/ = -/(e"x. + X.r)F{g^) - liv'd^g^ , (61) 

s^"(r/ -r)) = (e"xa + Xa^) - i^'d.i'n - rj) , 

,r,^. = 2e"/ + ^{cr>^en^,g'J^^ + d,{v - rj) - zu'^d^x" , 

s-.^ = _2e^7 + ^(ea^)"(5^^2_l _ g^^^ _ -) _ ^^.g^^ ^ 



leaving the BRS transformations of / and / unchanged (cf. (|114|) ). The function 
F{g'^) is a power series in the square of the coupling, i.e. 

F(/) = l + r(V + C?(/). (62) 

The transformation (|6l|) involves an infinite power series via 1/F{g'^) in the su- 



persymmetry transformation of the spinors, whenever the one-loop coefficient r^ 
is non-vanishing. 

The one-loop order in the expansion is determined by the anomaly coefficient 
and is scheme independent, it cannot be generated by a redefinition of the cou- 
pling. Higher orders correspond to a redefinition of the coupling and are scheme 
dependent. To prove this, we define a new coupling g by 

f = m • (63) 
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Evaluating s^'^g'^{g'^) it is seen that the anomalous one- loop term is removed in the 
supersymmetry transformation of g^. The coefficients z^''\ I > 2 can be adjusted 
in such a way that the supersymmetry transformation of g takes the original 
form: 

Sag' = -Xct ■ (64) 

As for the counterterms the redefinition (^) with the logarithm of the coupling 
is in contradiction to the power series expansion of loop diagrams. Therefore, 
the one-loop term r^ in the modified supersymmetry transformations (|6T|) is 
unambiguously defined by one-loop diagrams of the theory, whereas the coefficient 
of order / > 2 correspond to finite redefinitions and are scheme dependent. 

In general, these redefinitions are determined by normalization conditions on the 
gauge coupling. In the opposite way, fixing the higher orders of -F(f7^) in the 
Slavnov-Taylor identity determines the normalization of the coupling. Taking, 
for example, the transformations of spinors in (pO| ) as exact, we have to choose 

± I T) g 

With this function we get finally the NSVZ expression for the gauge /3-function 
[ p^ . Taking the transformation of g^ in ( |60D as exact. 



F{g') = 1 + rWg' , (66) 

one obtains a gauge /3-function which is vanishing in loop order / > 3 in pure 
Super- Yang-Mills. However, none of these choices is distinguished from other 
ones, as long as they are not related to a specific normalization condition for 
physical Green functions. 

Modifying the BRS transformations of the local coupling g{x) and its fermionic 
superpartners x", x" according to eq. (|6T|) an anomalous Slavnov-Taylor identity 
and the rj — fj identity can be established to all orders: 

S^^{T) = and J d'x {^ - ^)t = (67) 



with 



5".(r) = S{T) - j,fx {</SF(,f)i.<iX+W^^ (68) 



->T^a„/(.".)" A , „..)«_|,) 
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and (see (|6lD) 

5F{g') ^ Fig') - 1 = r«/ + Oig') . (69) 

Since we have avoided to adjust counterterms with logarithms of the couphng, 
the perturbative expansion is an expansion in powers of the gauge couphng and 
an anomalous breaking as the one of the one-loop order is excluded in higher 
orders by the topological formula (see (P3)). 



Renormalization and non-renormalization 
theorems 



For a complete description of supersymmetric non-abelian gauge theories with 
matter we have to complement the defining symmetries of the model by the U{1) 
axial symmetry. At the quantum level axial symmetry is broken by the Adler- 
Bardeen anomaly [|l^, which appears in the present construction as a second 



anomalous breaking of the Slavnov-Taylor identity in one-loop order |^: 

^axiai| ^ ^(1)^^ /■^4^ ce^''P^G^,igA)G,^{gA) . (70) 



brs 



= r' 

e,e,a;=0 



The anomaly coefficient r^^^ is determined by the usual triangle diagrams: 

We want to mention that in the present construction with local gauge coupling 
the non-renormalization theorem of the Adler-Bardeen anomaly |2^ is a simple 



consequence of global axial symmetry and is not inferred from additional prop- 
erties of the loop expansion.^ Taking into account the topological formula, the 
gauge anomaly of loop order / takes the general form: 



axial(i) 



Ab.s 



= r«Tr / rf^x g''^'-'\x)ce^'''^^G,,igA)G,^igA) . (72) 



Only in one loop order the coefficient of the ghost is a total derivative, and for 
this reason the anomalous breaking appears in the Ward identity of global U{1) 
axial symmetry for / > 2. Since the global symmetry is unbroken, the coefficients 
of the anomalous breaking vanish identically in loop order / > 2 



r 



(') = for / > 2 . (73) 



•^For a more detailed discussion see H, where the same arguments have been used for the 
non-renormahzation of the axial anomaly in SQED. 
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By means of the local gauge supercoupling the Adler-Bardeen anomaly with its 
supersymmetric extension can be expressed by a Sp-invariant operator acting on 
the classical action M: 



A^r = 4.r(i) Jd^x (c(A - |) + HeaTV,^ - 2r{a^erV, 



S S \ ^ ,,,, 5 ^., J_ 

+2e<,A — -2A°e„-=)r 



cl 



= -r(i)(55rd . (74) 

In this form it can be included into an anomalous Slavnov-Taylor operator and 
we end with the final version of the Slavnov-Taylor identity of Super- Yang-Mills 
theories with matter and with local gauge coupling: 

5"''(r)+rW(55r = 0. (75) 

Here 6S is the operator expressing the Adler-Bardeen anomaly ( [7^ ) and 5''''(r) 
is the operator (p7| ) which includes the modified supersymmetry transformations 
of the gauge coupling. The anomalous Slavnov-Taylor operator has the same 
nilpotency properties as the classical Slavnov-Taylor operator ( |119| ). 



The Slavnov-Taylor identity (|7^) is supplemented by the identity 

d^x (I- - ^)r = . (76) 

ori or] 

Only if the Slavnov-Taylor identity is combined with the identity (|7BD, the 
anomaly coefficient r,, and its higher-order extensions and the operator 5S are 
unambiguously determined. 



On the basis of the anomalous Slavnov-Taylor identity (^Sp and the identity ([Tq) 
the renormalization of supersymmetric gauge theories with local gauge coupling 
can be performed in algebraic renormalization independent from properties of a 
specific scheme. Obviously, it is not possible to find a general classical solution 
of the anomalous Slavnov-Taylor identity and, as a consequence, an invariant 
scheme cannot be constructed for supersymmetric non-abelian gauge theories 
with local gauge coupling. Thus, the Slavnov-Taylor identity has to be solved 
order by order and established by adjusting non-invariant counterterms to the 
classical action, if necessary. 

In each order there remain as undetermined coefficients the coefficients of sym- 
metric counterterms, which are invariants of the classical symmetries: 

sr,irct,mv = , r^'^^ ^'s T=)rct,inv = . (77) 



It is the remarkable feature of the construction with the local coupling that the 
gauge independent symmetric counterterms are restricted by the rj — fj identity 
(1761): For chiral integrals the symmetric counterterms are indeed holomorphic 
functions of the chiral fields r] and r] and symmetric counterterms to chiral vertices 
are absent. The only invariant counterterm with chiral integration which is left 
is the one-loop counterterm to the Yang-Mills part of the classical action: 

TcIJym = I {jdS Cym + jdS jCym) . (78) 

These restrictions reflect the specific renormalization properties of supersym- 
metric gauge theories ^ summarized in the non-renormalization theorems in 
superspace [|r^, 0, [T^ . 

There appears a second gauge independent /-loop counterterm to the matter part 
of the action, which takes in superfield notation the form (cf. (|16|)): 

f ct,matter ~ Vc ^ ^ -^matter • (79) 

It is this counterterm, which enforced the introduction of the axial vector mul- 
tiplet, since the expression ( |79[ ) cannot be related to a field renormalization of 
matter fields as long as the coupling is local. 

Due to the bilinear form of the Slavnov-Taylor identity there appear gauge de- 
pendent field redefinitions to the individual fields of the theory, i.e. these are 
field redefinitions of the vector fields and its superpartners, field redefinitions of 
the matter fields and a field redefinition of the Faddeev-Popov ghost c: 

A ^ (1 + 5za)A , A ^ (1 + 5zx)\ , c ^ (1 + Szc)c , (80) 

IpA^ {l+Sz,^)lpA , ipA^ il + Sz^)ipA , A = L,R 

With local coupling we have in addition the following two generalized field redef- 
initions of Weyl spinors into scalar superpartners: 

K-^ K + SzxAi{<y^X)aAf, , Ipa^ ^^0 + ^Z^^Xa^ (81) 

The 2;-factors in (^) and (|8l|) are power series in the local coupling 

5za^5za{g') = Y.z^^g'\x). (82) 
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The corresponding counterterms are Sr^j -variations and are best expressed in the 
form of symmetric differential operators acting on the classical action. These 
symmetric operators are generalized field counting operators and can be found 
in their explicit form in appendix B (|125|) - (|131|) . 

In general the symmetric counterterms of loop order / are a linear combination 
of the two gauge independent counterterms ([78|) and ([79|) and the counterterms 
of field redefinitions (|80D and (|8lD . Here we want to discuss the limit to constant 
coupling. For constant coupling it is possible to rewrite the matter counterterm 
(|79D into a mass and g-field renormalization and field redefinitions of matter 
fields, similarly the counterterm to the Yang-Mills part can be rewritten into 
the coupling renormalization and field redefinitions and we obtain for constant 
coupling the following invariant counterterms: 

hm rgi,, = dz^pg^d,. + fc? {Na + N, + Nb + N-,- 2^8^) (83) 



+ 6z^\N^ - Ny,) + 6z';1\n^ - NyJ^T 



SYM 
cl 



In this expression the non-renormalization theorems are reflected in the com- 
mon gauge independent z-factor for mass and g-field renormalization and in the 
absence of higher-order renormalizations to the coupling constant. 

For a unique definition of IPI Green functions the free parameters appearing in 
( |53D have to be fixed by the normalization conditions on the residua of fields, on 
the matter mass term and by a normalization condition on the coupling in one- 
loop order. Normalization conditions on the coupling g in I > 2 determine the 
coefficients 0{g^) of the function SF(g'^) = r|) g'^ + 0{g^) in the Slavnov-Taylor 
identity ([75|). With a specific choice for 6F{g'^) the normalization of the coupling 
is determined by the Slavnov-Taylor identity. 



6 The closed form of the gauge /3-function from 
the anomalous breaking of supersymmetry 

The simplest application of the present construction is the determination of the 
gauge /5-function. Since an invariant scheme does not exist the /5-functions can- 
not be inferred from the symmetric counterterms or a local effective action, but 
one has to construct the corresponding partial differential equations, the Callan- 
Symanzik equation and the renormalization group equation by algebraic consis- 
tency with the anomalous Slavnov-Taylor operator (^). 
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The Callan-Symanzik equation is the partial differential equation connected with 
the breaking of dilatation. The operator of dilatations acts on the Green functions 
in the same way as a scaling of all mass parameters of the theory according to 
their mass dimension: 



W^r = -{mdm + «:a,)r = -fid^ . (84) 

K is a normalization point introduced for defining infrared divergent Green func- 
tion off-shell. The variation of the scale parameter k implies the renormalization 
group equation. 

The Callan-Symanzik equation continues the classical equation 

d'x{— + —y,i = (85) 

to higher orders expressing the hard breakings of dilatations in form of invariant 
operators. Hence, the Callan-Symanzik operator C 

C = ^D^ + 0{h) (86) 

is a linear combination of the symmetric operators of the theory and satisfies the 
consistency equations: 

(4" + r^^^5S)CT = C{S'^{T) + r^''^5ST) + (sp" + r^^^^^) Ay , (87) 

and 

^ ^ ^ ^^ . (88) 



61] 5rj" 

In (^) the expression Ay is defined to be a collection of field monomials which 
are linear in propagating fields. As such, Ay appears as a trivial insertion and 
does not need to be absorbed into an operator. The loop expansion of the Callan- 
Symanzik operator is a power series in the local coupling satisfying the topological 



formula (29). 



For the construction we first have to find the symmetric operators of the classical 
Slavnov-Taylor operator S{T) and have to extend them to symmetric operators 
with respect to the anomalous Slavnov-Taylor operator iS^''(r) + r^^^dST (|75D. 

When applied to the classical action the sr-invariant operators just have to re- 
produce the symmetric counterterms constructed in the last section. Accordingly 
there are only two gauge independent operators, one which corresponds to the 
one-loop counterterm rct,YM ( ^§1 ) and one corresponding to the /-loop counter- 
terms rct,matter (El)- 
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Tct.YM is related to the one- loop renormalization of the local coupling and Fct.matter 
is related to a field redefinition of the axial vector multiplet into components of 
the local supercoupling and the redefinition of the g-multiplet (for details see P) 

6 



Tct.YM = 5''^-r?rci + field redef. (89) 

or 

Tct.matter = ^yi,rci + field redef. (90) 



The Sr-invariant operator T>vv is given by 

- 2g'\q + m)j-^- 2{g'Y + 2x^''"^"(g + rn))^ 

dqp 

- 2g'\q + m)| - 2(/V + 2x(^^>(g + m)) ^ 

- 2{g'% + 2/^''\g + m) - xf'^r) ^) 



(91) 



In this expression the components of the multiplet G^' are defined by the following 
expansion of the local supercoupling in superspace : 



TTn\-/ 



+ 1^2^'(d(G") - n(?2i) (92) 

The two Sp-invariant operators (^) and (|^) have to be extended to symmetric 
operators with respect to the anomalous Slavnov-Taylor operator Sp'' + r^^^SS. 

For the operator j d'^x g'^Sg2 ( p9D the extension can be determined straightfor- 
wardly. It turns out that the operator 

I^kin = jd'^x g'Fig')^^ = jd'x g\l + r«/ + 0{h'))^^ (93) 
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is symmetric with respect to the anomalous Slavnov-Taylor operator ([751). And 
the function F{g'^) is the function modifying the classical supersymmetry trans- 
formations of the coupling due to the anomaly ([611) . 

It is more involved to extend Vvv (0) ^*^ ^ symmetric operator with respect to 
the anomalous Slavnov-Taylor operator. The corresponding operator for r^ = 
has been already constructed in SQED Pj. From this operator the extension 
can be determined straightforwardly: In a first step we extend "Dy^ to a Sp''- 
invariant operator by replacing the components of the local supercoupling in (pl|) 
by the components of the local supercoupling with anomalous supersymmetry 
transformations: 



VvAGn^V';;^ = Vv,{G 



2l\ 



(94) 



and the components of G are determined by the anomalous supersymmetry trans- 
formations (pT| ) 



6:'^G^' = 



d 
d 



+ i{ae)adf,)G'' , 



(95) 
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-+t(9a)^d,]G'' . 



a^H 



For the further calculation only the lowest components of the anomalous multiplet 
of the supercoupling are relevant: 



Xr ) = -lg'^'^'^F{g')x. 






-l9'^'^'^F{g')x. 



(96) 



f'^ = Ig'^'^'^ [F{g'Yd,{v -ri) + j{{l + l)F{g') + g' F' (g^)) xa ,x 



The Sp'' -invariant operator T>y^ (p^) can be extended to a symmetric operator 
T>y^ in the same way as in SQED. For proving consistency of the method we 
have determined the complete symmetric operator. For constant coupling only 
the following commutator is relevant: 



[r(^)55, -2 / d^x {ex^^ 



?2^^ -{E^^)-^l_ 



X' 



6c 



d'^(^-x''">-t"'>ml^-^: 



c=0 



(97) 
(98) 



It can be compensated by a differential operator with respect to the coupling: 

(99) 



9^ 



/r<'2i\ (r<2i\ 



d'x (F(/)/('+^)-^ + x(^^')£: + x^^^')^ + ■•■)• 



5g^ 



^X 



^X 
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and results in a contribution to the /3-function of the couphng generated by the 
Adler-Bardeen anomaly. 

The complete operator Vy^ 

P^7 = V'i.l - 8r(i)(pJ+') + /(<'+') - 8(/ + l)r(i)5<'+'))), (100) 

contains in addition a field operator for the axial vector multiplet AV which also 
depends on the function F{g'^). The complete operator is given in the appendix 
B. 

All further symmetric operators of the Callan-Symanzik operator are gauge de- 
pendent. They correspond to the field redefinitions (80) and (^TJ) and can be 



constructed as s'y + ?"'-^'' ^5- variations of local field monomials (|125|) - (|131|) . In 
the limit to constant coupling they are the usual field counting operators. 

Altogether the Callan-Symanzik operator is a linear combination of the two gauge 
independent operator ©km (|93|) and Py^ QlOOl) and the gauge dependent operator 

Ma O - (imD: 



/ a 

Here the sum over a includes all possible field redefinitions. The algebraic 
construction yields the Callan-Symanzik equation supersymmetric non-abelian 
gauge theories with local gauge coupling and with the axial vector multiplet: 

Cr = Ay . (102) 

It is valid for all IPI Green functions involving propagating fields and describes 
also the scale transformations of axial current Green functions in presence of the 
anomaly. 

In its structure the Callan-Symanzik equation of non-abelian gauge theories is 
the same as the one of SQED, in particular there is only a one-loop independent 
coefficient for the renormalization of the gauge coupling. The difference concerns 
the explicit expressions depending here on the non- vanishing anomaly coefficient 
r^ via the function F{g'^). 

Here we are mainly interested in the limit to constant coupling: For constant 
coupling we get from ( |101| ) and (|102D the Callan-Symanzik equation of super- 
symmetric non-abelian gauge theories: 

a 

(l_2,)|,._(^ + ^)r|^A,. ,103) 
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and the /5-function is determined by the operator 3oVkm + 8r^^^^V„2 in a closed 
form: 

P,^ = 0^J.^+Sr^'h)9'F{g') with 7 = ^/'7« . (104) 

I 

Thus, in / > 2 the gauge /3-function of order / + 1 is completely determined 
from a complete Z-loop calculation. This amounts to determine the order / of 
F{g'^) in the Slavnov-Taylor identity and the /-loop anomalous mass dimension. 
In particular, the two- loop order is determined by the anomaly coefficient r^ , 
the coefficient of the Adler-Bardeen anomaly r^^^ and the scheme independent 
coefficient 7*^^-*. Higher orders are scheme dependent. 

When we choose in the Slavnov-Taylor identity the function F{g'^) = 



r-W„2 



we get the NSVZ-formula of the gauge /3-function |]22 



^Nsvz ^ (^(1) + 8r(S),^^— . (105) 

1 — rri g^ 

,2N _ T , ^(1)^2 



For the choice F(g ) = 1 + rlj g (|66|) we obtain a purely two-loop function in 



Super- Yang-Mills theories without matter: 

PT = (i^? + 8r(^V)/(l + r«/) . (106) 

The renormalization group equation can be determined in the same way as the 
Callan-Symanzik equation and consists of the same number and same types of 
symmetric operators implying the same relation among them in the limit to 
constant coupling. The /^-functions of the renormalization group equation are 
scheme dependent already in one-loop order. To find the relations to the jS- 
functions of the Callan-Symanzik equation, which are usually quoted, one has to 
take asymptotic normalization conditions, which result in a trivial equation for 
the scaling of the supersymmetric mass parameter P^ 0[: 



/A A 

d^x (— + — ) r . (107) 

With this equation it is possible to eliminate the field differentiation 6q and 6q in 
(|103|) for constant coupling and one obtains the renormalization group equation 
for asymptotic normalization conditions: 

(«:oo9.^ + 9'F{g')0^J^ + 8r^''>^)dg2 + 2^md^ _ ^7>,)rSYM ^ q ^ 

(108) 
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It is a homogeneous differential equation for tlie IPI vertex functional of susy 
gauge theories with constant coupling, and it contains the same coefficient func- 
tions as the Callan-Symanzik equation. The renormalization group equation can 
be integrated and defines a running gauge coupling to higher orders. It is tempt- 
ing to use an all order expression as ( |105| ) or (|106| ) for the integration, however, 
an interpretation of the corresponding running coupling is meaningless, as long 
as it is not related to specific normalization properties of the coupling. 



7 Conclusions 



In the present paper we have continued the algebraic analysis of non-renormal- 
ization theorems via local couplings |^, |^ to supersymmetric Yang-Mills theories. 
As a result of the construction one obtains the generalized non-renormalization 
theorem of the gauge coupling, which gives rise to a pure one-loop /3-function. 
But in addition we find an anomalous breaking of supersymmetry in one-loop 
order, and it is the supersymmetry anomaly which is responsible for the two-loop 
term of the gauge /3-function in supersymmetric pure Yang-Mills theories. 

Higher-order terms of the gauge /3-function depend on the normalization con- 
ditions for the coupling. But if one performs a complete /-loop calculation in 
Super- Yang-Mills with local coupling, the gauge /^-function of order / + 1 is un- 
ambiguously determined in terms of lower order coefficients. Such coefficients are 
in particular the higher-order modifications of supersymmetry transformations 
in the Slavnov-Taylor identity and we find the conditions for the NSVZ expres- 
sion of the /3-function as conditions on the supersymmetry transformation of the 
gauge coupling. 

Hence, one can now derive the closed expression of the gauge /3-function which 
has been first found in the framework of the instanton calculus p2| in a purely 
perturbative and even scheme independent framework. 



Without local coupling the improved renormalization properties alias the non- 
renormalization theorems notoriously used to escape a rigorous treatment in per- 
turbation theory, and just the same happened for the closed expression of the 
gauge /3-function. One way to find restrictions on the /9-function is the usage 
of the supercurrent with its anomalies. From this construction one finds a sim- 
ilar but not as restrictive expression of the gauge /3-function p5|, ^ as in the 
instanton calculus, which takes into account possible redefinitions suppressed in 
the latter derivation but found in the derivation with local couplings again. The 
construction of the supercurrent is beyond the scope of the present paper, but 
the supercurrent and its anomaly multiplet is an important topic, which should 
be reanalyzed with the local coupling again. 
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Another perturbative approach to the closed expression of the gauge /3-function is 
based on holoniorphicity of the Wilsonian effective action [|12], ^ ^ . Introducing 
the notion of a Wilsonian coupling the Wilsonian effective action of the Yang- Mills 
part is exhausted in one-loop order and one obtains indeed an indication of the 
generalized non-renormalization theorem for the gauge coupling. To explain the 
higher-order terms in the gauge /3-function one has used again the construction of 
the supercurrent and the Adler-Bardeen anomaly in its supersymmetric extension 



2^, ^], but the higher-order terms of the /3-function in pure Super- Yang-Mills 
remain mysterious in the Wilsonian approach. There are attempts to explain 
them by passing over from the Wilsonian coupling in the Wilsonian effective 



action to a canonical coupling constant by rescaling the vector fields [0], but in 
effect such redefinitions would be scheme dependent. 

Holomorphicity as used in the Wilsonian approach can be used in its full extent 
only if the coupling is treated as a space-time dependent external superfield and 
even then, holomorphicity is not a principle of quantum field theory, but can be 
valid at most for some local parts of the full Green functions. The Wilsonian 
coupling can be compared to the chiral and the antichiral fields composing the 
gauge supercoupling in the present paper, however, these fields are here intro- 
duced in a completely scheme independent framework. Performing renormaliza- 
tion in presence of the space-time dependent gauge supercoupling consistently 
to its very end, holomorphicity of symmetric counterterms is a consequence of 
classical symmetries and non-holomorphicity of the gauge /5-function arises from 
the two anomalies of these classical symmetries, from the anomaly of supersym- 
metry found in the present paper and from the Adler-Bardeen anomaly of the 
axial current. Hence, the non-holomorphic dependence of the gauge /3-function 
is deeply related to the failure of invariant schemes and of a naive application of 
multiplicative renormalization via 2;-factors in presence of the local gauge cou- 
phng. 
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A The BRS transformations 



In this appendix we list the BRS transformations of all fields introduced in clas- 
sical action with local gauge coupling and with the axial vector multiplet. 

• BRS transformations of the gauge vector multiplet 

sAf, = -dfj,gc + i [A^, c] + iea^X - iXa^J (109) 

+ ^e°/(xA - xA) + i/(ex + WW ' ^^^^.A" , 

— 1 

S\a = -i{K c} + —(m^'')aGp^{gA) + igla {Tp^TaifL - VRTaVL)Ta 

■^9 
1 — 1 — — 

+ 2^d5'^(xA - xA) + ^9'^{ex + W)K- iuJ^d^X^ ■ 

• BRS transformations of the axial vector multiplet 
sVf, = d^c + iea^X - iXa^I - iu'^d^.V^ , (110) 



^(ean"F,.(\/) + ^c 



sA° = -{taP''YFp„{V) + -e^b- iu'^d^X'' , 



sA^ = -^(eanaF,,iV) + '-t^D - luj^'dX , 
si) = 2ea''dfJ + 2d^Xa^I - iiu^d^D . 



BRS transformations of matter fields 

SipL = i{,9CaTa " c)'^L + V^ C^^L " lUJ^dyLfL , (HI) 

sifL = -i^L{9CaTa " c) + v^ ^^e - iu^d^'ipL , 

SrL=l{gCaTa-c)rL 

-v^e" (g + m)^^ - V2i{ta^YD^^L - ^cu"9,^£ , 

S^La = ^■^Lai9TrCr - c) 

+72 e^ {q + m)ipR + V2i{ea^)aD^Tp^ - iuj^'dyipL^ . 
and respective expressions for right-handed fields. 
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The BRS transformations of ghosts 

sc = —igcc + 2ita''eAy + -g^{tx + X^)c — ito^duC , (112) 

sc = 2iea'^eV„ — iu^duC , 
se° = , 
sr = , 
su" = 2e(T^e . 

BRS transformations of the i?-field, anti-ghost and gauge parameter 

sB = 2iea''ed^c - iu^d^B , (113) 

sc = B — iuj^dyC , 

s^ = X? - i^^d^^ , 
sC = 2iea''W^H^' - ito^d^C , 
g^M = c^'- iuj''d„H'' ■ 



'v^ 



BRS transformations of the local coupling and its superpartners (|D 

s^' = -(e'^X^ + X^n9' - i^'d.g^ , (114) 

s{ri -r]) = (e"xa - X^e") - «^''5z.(^ - v) , 

sXa = -i{a^e)a{—df,g^ -M^-v)) + 2ea/ - iuJ^d^Xa , 
sXa = -^i^(^^)a{—^^^g^ + ^^,iv - v)) - 2ea/ - i^^d^Xa , 

BRS transformations of g-multiplets (^ 

sg = +2ic{q + m) + e^Qa — iuj^dyq , (US) 

sg = -2ic{q + m) + g^e° - iuj'^d^q , 
sga = +2icgQ, + 2i{a'^e)aD^{q + m) + 2eaqF - i^'^d^qa , 
sq^ = -2icq^ + 2i{ea^)aD^{q + m) - 2ec,g^ - iuj^d^q^ , 

sqp = +2icqF + iD ^q"" a^^t^ - Ai\ae°'{q + m) - iu'^d^qF , 
sqp = -2icqp - ie'^ a'^^D ^q"' + 4ie°Aa(g + m) - iuj^'d^qp . 
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Supplementing the classical action by the external field part, 

J- ext = d X [p^sAf^a + ^Xa^-^aa + J^^Jaa^^a ~^ ^ca^'^a 

+ Y^^SifiL + Y^^sTp^ + Y^^stpLa + Y-^^^s^l + (l^r) 

+ ^(lAae - eY-JiY,ae - eYjJ - 2{iY^,e)ieY^J + U^r)) , (116) 

the classical Slavnov-Taylor identity (^) expresses in functional form BRS in- 
variance of the classical action and on-shell nilpotency of BRS transformations. 
The Slavnov-Taylor operator acting on a general functional JF is defined as 



S{J^) = fd^x (tt( 



5T bT bT bT bT bT 



bp^ bA^^ bYxa 5A" bY^ bK 
bT bT bT _bT\ 

bT bT ,,„ bT ^ bT 
+ se^ + sxc— + sif^— - + sC,, 



bi "^Hxi bHt' ''bCt' 

bT bT bT bT bT bT bT bT 

^^bT ^r^bT jbT ^bT\ ,.dT ,_,_,^, 

bC bV bq' bq' J du" ^ ' 

Here G* summarizes the components of the local supercoupling, 

G' = ig',r]-f],x,xJj) (118) 

V^ the fields of the axial vector multiplet and g* and g* the fields of the chiral 
and antichiral multiplet. 

The Slavnov-Taylor operator and its linearized version Sr have the following 
nilpotency properties: 

SjrS{T) = for any functional T , (119) 

s^s^ = 0, if SiT)=0. 
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B Symmetric operators 

In the Wess-Zumino gauge the symmetric operators of Super- Yang-Mills the- 
ories with local gauge coupling are symmetric with respect to the anomalous 
Slavnov-Taylor identity (|87|) , the rj — fj identity ( ^8|) and satisfy order by order 
the topological formula (p^). 

• The gauge independent differential operator of the gauge coupling Vkin 
(]93|), which gives rise to the one-loop (3 function: 

V^^ = jd'xg'F{g^)^^ (120) 

• The gauge independent operator X'y™, which extends the Sp'' invariant op- 
erator Vy^ (0) to a Sp'' + r^^^^iS-symmetric operator: 

P^7 = P;;j') - r(^)(8P^'+') + 8/(Ar^'+') - 8(/ + l)r(i)5Ar^'+'))). 

(121) 



with 



^r - jd'^ {n^v^^^'^l^. - x^^^>^ + x^'^^^^. 



-f''"'lj-f'^'^]-^ (122) 



^ J ^ ^y ^y V SVf' 5A" gl" 6D 

-{Fig') + J^i^^n9'))Cf,{<y'x''''''T^^ + c.c. 



-2(y^,f''-"<>,r)+ixf''r)^)j . (123) 

and 

5A/J'+^) = jd'x g'^'^'^F{g'){F{g') + ^jd,.F{g'))V^V,^ . (124) 



In eqs. ( [123| ) and (|122|) the components of the anomalous multiplet G^^ of 



the gauge coupling are defined in 
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The symmetric differential operators of the gauge vector multiplet 

AT^r + AfJ^ = sr (Tr J d'x g'^UOp'A^ (125) 

-Tr/.^./%(0(4-2e4-^.^))r 
ATf r + Ag, = srTr f d'x g^' fx^X^Y^c. + A^lf ) 



with 

Sr = Sr" + rW(55 (126) 

In the expression for the field redefinition of the vector field A^ we have 
used that the gauge fixing part is not renormalized due to linearity of the 
5-field. Therefore the renormalizations of the 5-fields, the ghosts c and the 
gauge parameter doublet are determined by the renormalization constants 
of the vectors. Working out the variations we find the following invariant 
operators: 

-4 --4^^'^) 



Mi" ^ T, J,'. ,'-m (A'< A , r _i, - vr 4 - v?^ 

The symmetric differential operator of the Faddeev-Popov ghost: 

M^T + Ag, = (sp" + r(i)(55)Tr f d^x g^\-Y,c) (128 



and 



MP^TrJd^xg^^{cl-Y.±) 



(129) 
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• The symmetric differential operators of tfie matter fields: 

AA(^)r + A^^l ^ sr Jd^'x g'^f!^\i) {Y^.^l + Y^^Tp^ + U^n)) (130) 
AT^'^r + A% ^ sr jd'x g^'f^^ (f) {^j^Y^, + ^^Y-^^ + (^^^)) 

Explicit expressions are immediately obtained by evaluating the variation. 
They can be also found in [^. 
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